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Professor Rochberg has continued his use of wavelets an re .

techniques in studying the behavior of operators acting on function spaces.

A fundamental idea in Fourier aialysis is that the Fourier Transform

gives a simultaneous diagonalization of a small but very important class of

operators including differentiation and integration. )n the other hand, the

Fourier Transform is not well suited for studying multiplication operators.

The wavelet transform (and related transforms) don't diagonalize any
interesting classical operators. However these transforms give excellent
simultaneous almost diag4nalization of a very large class of operators which

includes differentiation, integration, and multiplication; and in fact, more
generally singular integral operators and pseudo-differential operators.
Professor Rochberg's recent work has been to use this fact to study such
operators. Some of the work has been in the "real variable" tradition, other

parts have involved operators on spaces of analytic functions.

Real Variable Results: The idea of using NWO sequences (which are a
variation on the idea of wavelets) to study operators on function spaces is
outlined in the survey [R]. Because these techniques give simultaneous
almost diagonalization of potential operators (i.e fractional order

integration) and multiplication, the techniques can be used to study
weighted norm estimates for potential operators. In addition to being of
intrinsic interest, such results are known to be related to estimates for the
eigenvalues of the Sch6dinger equation. These ideas are outlined in [R1]
and developed in detail in [R2]. The same ideas can be taken further. The

decomposition of functions induces a decomposition of operators. This can
be used to write complicated operators as a sum of simple operators.



When such a decomposition of the operator is used with a Neumann series

representation for eigenvectors a complicated representation is obtained for

the eigenvector. This expression can then be analyzed using the hyperbolic

geometry of the wavelet phase space. The result is pointwise estimates for

eigenvectors of singular integral operators and for solutions of certain

differential equations with rough coefficients. This is presented in [R3].

C ImlxVariable Results: Wavelets, as well as related ideas such as

using the Bergman kernel function or using molecular decompositions in

spaces of holomorphic functions, give good approximate diagonalization of
the Bergman and the:Cauchy-Szego projection as well as of multiplication

operators. Hence those ideas can be used effectively to study Hankel. and

Toeplitz operators which are built by mixing multiplication and projection.

Those tools can also be used to obtain sparse (although not approximately

diagonal) realizations of composition operators on spaces of holomorphic

functions. Much of Rochberg's techniques to study Hankel operators,

Toeplitz operators, and composition operators on spaces of holomorphic

functions.

Some of this work done with my former student Z. Wu. This work,

mentioned briefly in the previous progress report is described in [RWI] and

[RW2].
With my current student, Peng Lin, I am investigating Hankel

operators on spaces with weights. This has resulted in the manuscripts

[LR1J and [RW2J.

My student Hong Xian is studying composition operators. The starting

point for his investigation was an attempt ot find a analog of the pointwise

eigmvector estimates of [R3] in the context of composition on the Hardy

space. The project evolved and we have found a number of interesting

relations between the size of composition operators and the size of their

principal eigenvector. A manuscript is currently is being prepared.

Wavelets and related techniques would also be expected to give sparse

representations of operators made by mixing multiplication and

composition operators. I am currently supervising the research of J. Wang

on the properties of this class of operators. This class of operators i a

natural extension of the class which I studied in [R4].



Canceilatiom A recurrent theme in both the real and complex

variable

work is the appearance of certain subtle cancellations. In the real variable

work the cancellation shows up in commutator and paraproduct estimates.

In the complex variable result it shows up in the boundedness criteria for

Hankel operators. Also, it has recently been noted that this cancellation is

closely related to the theory of compensated compactness. Recently I have

been exploring this type of cancellation in the context of singular integral

operators [GR], Hankel operators [PR], and interpolation theory [R5].

Although I have been able to obtain results in each context, the underlying

general pattern remains elusive and is one of the themes of my current

work.

Professors Weiss and Taibleson have continued their work on the 0-

transform and V,-trans1orm and the characterization of wavelets in terms of

the Fourier transform. Together with one of their students, Xihua Wang,

and post doctoral fellow Xiang Fang they have obtained several

characterizations of classes of wavelets.

It is well known that the Fourier transform of an orthronormal

wavelet must be supported on a set of measure at least 2i. When the

measure of the support equals 2w, the wavelet in question is called MSF

wavelet (minimal supported frequency wavelet). They have shown that all

these wavelets are characterized by a rather simple equation. Moreover,

they have a description of those wavelets that do and those that do not

arise from multi-resolution analysis. Moreover, certain algorithms have

been developed that enable us to obtain MSF Wavelets that are not band

limited. This work is now being prepared for publication.

In collaboration with E. Berkson of the University of Illinois and M.

Paluszynski, a post doctoral fellow of the University of Wroclaw, Weiss has

obtained a wavelet characterization of all multiplier operators on LP(Rn).
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Dwahiptou of Work Dome Through April A3 1M9

Plolmo Rodab& ThWisoa, sad Weiss hat be= vaddo. I. varlo. diffeor tam a rmlated to

PI amll 6od FAbrg woat is mnot cacetmsed la the stud of dosn ass offunctionm and
opmeatm on thoe spce. "ae qua m theme wm hd comma tae 4"s is the centd role played, *pdy
or MWW*ly. by poup actions genfml the trnslato and diblato group ('ax + b group-) whidi Is at the
beast et wdave ma,*. Mm rspecil~cali his work Dies in thre wage Nuady Weaky Orthonormal (NWO)

seque Ces, 1 m~bepftl opininn., and Ditihiu Spame of Analyfti Functions.

NWO segnmasm sme sequena of u on I L2 ) I. wOM in each badom Is, wrqo l,
l sat a itc• o•b bathe nudo ma uowed to be a bi larger and bouher tdam wmaweb but t•ey
play a may simiar wal In mi.dcophin of hunesow In dudeul bado spaoes MR Wj, 111.u
pwddo ~ wlargýe s bo ala r ls torTa be d wrste as suo om osunknopeamc fmctaed
with PMO sPIepupn es. -T give a vey muM tl hr obtanlag boundedudm catdac and egnnv
es-t mate1s- Bl has race&*y baen afmt NWO seaueme n a sodl in obtainin boundedneh md elgevalue
estmame hr larg dease of we~gbse posadtial, opasm and hr the Sdwodlnge F4eie (.M&

in &Pe In ("3 wher he smis ftShe ie of ulvenveesoas hr *eti igula woeral opeamtors

Thus reuto" wh m ush a relatiel simple mode opeator us mey sugesf w ad he hope to
boe ale isbatftai sii P Iut hr th ~e ugeveoufa largeem of oerate. neufdin teSdiodinge
opeamla HE abo plumso m NWO P,- 0 at*do theagmerid ulgmetas of the Scirdinge
oper anyr (AL. herl wich v us mot in L, but do satif the elgumlu equatio) by waiting with the Domn
sidesQlmwminsdes) asociaedvwith th wpncas lge equaton Th IeNe the remuu kiwtgal
opekatorin. VPis

(hemvQL) i te potential uctin hr te Sabodin equation). 7bwceNW~ scequencshredhetchni~que
mwus be umodified to deal with ouul~atouy bendls

-Iie Reslepaeuat~r Iusedng~unUldplctoopeatorintotheBeganreproduclnghmula
oaon th Br.. pur rducesbeplHaxopeatowa f ntheBrman spice. Iuertlm amullpeso open"to
in the Calderft reprokduc% tmula (contiuot wavelet ransfe-iato) n L'(k") produce a dlm of
operalow whic by =doff, we cll Cdaldern-elTo z opesutoms These opeato, us Cadeda7w~gmund
opesoma but m be studied by teciuiques quite, simiar to thoe msed to study lbepitz operats on the
Berg.. Vmce In [FMS Radabegestblbes a carrsponem a aPe pfdmcpl hr tUms operatous u wi d w asta
then, s a -ore--- e~ b-m ee thenumbrofulgenvaluesofiz" and the volumeof the set Inphase
apeas on which the symbo is dose to A. Mae study of this class of operatos is, taken much futher In fth



thesis of one of our doctoral student, K. Nowak who rece9ly completed his studies. Some of his work is
contained in fNI ..3j. In addition to giving new results for commutators with singular integral operators, his
results also give a new *,weak 1-1" endpoint result for Hankel operators on the Bergm•a space. That result
Is the acuci step in a new and simple proo of the erler Sp results for those opeators.

Diridet Stpmu o Anaytic •ucdom Although wavlts ca be Uesd to obtain omposition
theorems r cussical funcdon spaes and to study operato on those spaic, It is ohe more convenient to
uereprodu•cig eruistead ofvdets. Tetheores forthe two tyes o decompositions are generally
quite similar. Decompos;tion theorem based on reproducing kernels are kmown to be quite useful on the
Hardy and Bergman spaces (R61. Recently, in collaboration with Z7 Wu, Rochbag has beean worlg on
similar analysis on the Dhirchiet space (RWI,21. Fundamental new difficulties arise in this context due to the
poteni theor associated wvith t DkIidl space. For Insance, the analog of Carson. measures for the
Ditichdle space canot be gives a purely local caceration. However, one Is abl to obtain dcompositon
horems for the space of Calsoa measurs associated to the D•.det space and these results can be used
to study operators on the MDirchule space.

Profesor Thibleson Is eogagd In t• construction of libraries of bases for p4sera bases. This work
gemeralles the 2-seres bases built around the HaarjWalsh librare that are in current use. It is hoped that,
this may result in mer resolution (by ue of a grVy scale).

Professors Taibleson and Rochberg will be continuing their work with their student, Susan Kelly, to
dvlop anaytic wok o aulo OlM%'s eOrePs -rowar vel expaloas. Of particular Interest is th behaviour
of the Ofbb's effect *W Jump dise mmul at fratlomal poiMs. The Ofb's effect at nondyadc rational
points is Waiy well undueusoo bit I may be chaotic at rrational points.

TkIbleson, Rochbeg and Wdbs wil be wsing jointy with Wang XMua and Susan Kely on a
devlopment of graphical realtlao of the Oifb'% e Fecs as well as the devielopment of eMcient programs
for computin the magntde Of at O•%u effects.

Profsor Welu, in collaboratio with. A. onmi and F. Soa [W has obtained necessary and
suffient conIions fhr a ftnction o be a baud-Mmited orthogonal wawleL More specficalj under some
narat hypothesis on the Foureata 1an, , of *. these conditions detemine precisely whe

(*Jp(x)) - f(i20(Zixk)J, j~k t

is an orthoommalbass h•r. LAM One Intestingaspect of theseconditions is that b - I• eciselyone
of th bell function ans4ocad with a local dtAoln basi of ofman and Mer (se IAWWD. Mae system
(*1k) Is tm made of dilates of su loctal bae h sor Wess has also coninued his rearch on the
elusion of the a9vmmaarm metbods so spainces of oganous Mpe (see (BUTW, [FWJ

Rasearn. into algonums deope at Yak Uuney has been condtned at Washligon Univne y
byM.Vo wkeiaermsa his ababowm speecisgneal segmeniat••n, one- and twodmenlonal besti-basi
Utrasform Imag coampeson aotdmn and computation with wavelets and wavdee pachets.

One diMcwywsh localine and cosie bses as described in (CWJ. [AWWJ is that the bas elements
ar not u ifomly well-~ocaled in tnmeftequpq. In the continuum limit the product oftim uncertainty
and hqumaq ummay becomes fi ate. In the fite apprmain, this means lower compression ratios
and pooret kequem loahation hr log windows.

osadoctouu researcher Xng Psag wrote an X-windo• s based application to t au signals
and segmst temby the'mulapd l iftl verion of the adapted local se transform (CS. Mi adaqptn
Ths wamieos wibt side fseepatem adjusted to their width so a to presee good timelpeqe y localation.
The convenient Interface hor the lbrary of subroutines, written by Fang in 1991 will speed up experiments in



SPOed SI•gI ual W r o , hdas perbomd soral aperhme.ts in image cotomp oon an resati
Usin the urns l~ruy andIs writin an bhderae fo that as welL

':•. 14.V. WIdkerhauser has prepared a o command-line version of the fast approximate
'Karhu -oe iods~ohm (the 2dlmesdsll vewrsnion k described In fWllJ It replaces an os.iliatoty input
Apdldtwishsall aumberetpmmusmz. thepriatplono= hrho al f ucse I as nsmbleof test signa-isThis

S;.)mns a uml4 ~fo a 004 s l das"1so 1M devie whlt Is rrendy udersg ten at
a PivaeI coIMPny. One Other aPpHcdw Of thi alOdthM a cooperative effo with the AAMospheric
RnidoM Awb*Ly s oMt Moq (cA* 1~i - f Sp=ac Aem). Is awaiting a large trasfer of
data ftom P ce.

In a series of papers on signal and Image pwosing (qW12, 1W143, [IQW]), vx have described a ew
app ma t sordal pbmun& showig that sAna anabs and daft cmpressom am related problem and
Mava bY simi methods. The ago m behnd theM transform ae being prOfeSlonaily implemented
i several cmpuatgs pltm.

An mPaxsiQq artidce [AWWI descibes the relatosip between the local cosine and local sine bases
and the smooth orthbo al avelet tnskm Althoug the main Ideas Come from another roup, vm fee
that a detailed OrampOn by Implementers who arm bmar wt the tecd•ial detals has a separate value aen
besMe the orgWal wtIe

Qlabados With 14 Fae of the Boe Normale Supereure resuled in the disovay of a
qusllvelbern methodixo rank reduction In p e mdAosptlP ld GuledtladecayIng 2.D tusbulencesiumulaions

OWM O Is the amt stag oa an apertmeaa madtatis prjea to acee nmk reducion (and
the kredue a mm pimty) In such numedcl simdado. Farthe deopment ot numic algorithm has
bgun with methods to app and muliply operator. in the waveia padat or best-sis [wi4J.


